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Abstract
This paper is concerned with the oscillation of a class of general type second-order differential equations with nonlinear
damping. Several new oscillation criteria are established under quite general assumptions, which improve and extend the known
results in the literature.
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1. Introduction
Consider the oscillation behavior of second-order nonlinear differential equations with nonlinear damping
(r(t)k1(x, x
′))′ + p(t)k2(x, x ′)x ′ + q(t) f (x) = 0, t > t0, (1.1)
where t0 > 0, p, q ∈ C([t0,∞), R), r ∈ C1([t0,∞), (0,∞)), f ∈ C(R, R), k1 ∈ C1(R2, R) and k2 ∈ C(R2, R). We
restrict our attention to those solutions x(t) of (1.1) which exist on [t0,∞). As usual, such a solution x(t) of (1.1) is
said to be oscillatory if it has arbitrarily large zeros, otherwise, it is called nonoscillatory. Eq. (1.1) is called oscillatory
if all solutions are oscillatory.
For convenience, we list the conditions first.
(a) p(t) > 0 for all t > t0;
(b) f (x)x > K1 for some constant K1 > 0 and all x ∈ R \ {0};
(b1) f (x) is differentiable, x f (x) 6= 0 and f ′(x) > K2 for some constant K2 > 0 and all x ∈ R \ {0};
(c) q(t) > 0 for all t > t0 and q(t) 6≡ 0 on [t∗,∞) for any t∗ > t0;
(d) k21(u, v) 6 α1vk1(u, v) for some constant α1 > 0 and all (u, v) ∈ R2;
(e) uvk2(u, v) > α2k21(u, v) for some constant α2 > 0 and all (u, v) ∈ R2;
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(e1) uvk2(u, v) > α2uk1(u, v) for some constant α2 > 0 and all (u, v) ∈ R2;
(e2) vk2(u, v) = α2k1(u, v) for some constant α2 > 0 and all (u, v) ∈ R2.
As in the literature, we will use the auxiliary function H(t, s). Define D = {(t, s) : t > s > t0} and
D0 = {(t, s) : t > s > t0}. We say that a function H ∈ C(D, R+) belongs to the function class H, if it has
continuous partial derivative ∂H
∂s on D0, H(t, t) = 0 for all t > t0 and H(t, s) > 0 for all (t, s) ∈ D0.
In recent years, there has been an increasing interest in obtaining sufficient conditions for the oscillation and
nonoscillation of solutions for different classes of second order nonlinear differential equations with damping (see,
for instance, [1–16]). Many results are established for the particular cases of (1.1); for example, Wong [15] studied
the equation
x ′′ + p(t)x ′ + q(t) f (x) = 0. (1.2)
In [10,16], the authors obtained oscillation criteria for the equation
(r(t)x ′)′ + p(t)x ′ + q(t) f (x) = 0. (1.3)
Mustafa, Rogovchenko and Rogovchenko [7] obtained several oscillation results for the nonlinear equation
(r(t)ψ(x)x ′)′ + p(t)x ′ + q(t) f (x) = 0. (1.4)
The oscillation of Eq. (1.1) was first studied by Rogovchenko and Rogovchenko in [9]. Recently, under assumptions
(a)–(e) or (b1), (d) and (e2) respectively, Tiryki and Zafer [13] established some oscillation criteria for (1.1), which
extend and improve the results in [9]. In their theorems, the condition ∂H
∂s 6 0 on the auxiliary function H(t, s) was
imposed. Meanwhile the condition (e) requires that uv and k2(u, v) have the same sign which restrict the applications
of the theorems.
In this paper, we obtain several oscillation criteria for (1.1) in some cases. Under the assumptions (a)–(d) and (e1),
our results are new. Under the assumptions (a)–(e) or (b1), (d) and (e2) respectively, our results extend and improve
the corresponding results in the literature [13]. At the same time, our results extend and improve several results in [10,
15,16].
Consider the first order differential inequality
ω′(t) 6 −α(t)ω2(t)+ β(t)ω(t)− γ (t), (1.5)
where α, β, γ ∈ C([t0,∞), R) and α(t) > 0 for all t > t0. The following lemmas will be useful in the proof of our
main results.
Lemma 1.1. Assume that there exist H ∈ H and t1 > t0 such that
lim sup
t→∞
1
H(t, t1)
∫ t
t1
[
H(t, s)γ (s)− Q
2(t, s)
4α(s)
]
ds = ∞, (1.6)
where Q ∈ C(D0, R) satisfies
−∂H(t, s)
∂s
= β(s)H(t, s)+ Q(t, s)√H(t, s). (1.7)
Then the inequality (1.5) has no continuous solutions on [t1,∞).
Proof. Assume, for the sake of contradiction, that (1.5) has a continuous solution ω(t) on [t1,∞). Then
γ (s) 6 −ω′(s)− α(s)ω2(s)+ β(s)ω(s) for s > t1.
Multiplying both sides of above inequality by H(t, s) and integrating with respect to s from T (T > t1) to t , we obtain∫ t
T
H(t, s)γ (s)ds 6
∫ t
T
H(t, s)
(
β(s)ω(s)− ω′(s)− α(s)ω2(s)
)
ds
= H(t, T )ω(T )−
∫ t
T
[
H(t, s)α(s)ω2(s)+ Q(t, s)√H(t, s)ω(s)] ds
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6 H(t, T )ω(T )+
∫ t
T
Q2(t, s)
4α(s)
ds. (1.8)
Hence
1
H(t, t1)
∫ t
t1
[
H(t, s)γ (s)− Q
2(t, s)
4α(s)
]
ds 6 ω(t1) for t > t1,
which contradicts (1.6). The proof of Lemma 1.1 is complete. 
Lemma 1.2. Assume that there exist H ∈ H, b ∈ L loc([t0,∞), R) and t1 > t0 such that
lim sup
t→∞
1
H(t, T )
∫ t
T
[
H(t, s)γ (s)− Q
2(t, s)
4α(s)
]
ds > b(T ) for T > t1, (1.9)
lim sup
t→∞
1
H(t, t1)
∫ t
t1
Q2(t, s)
α(s)
ds <∞ (1.10)
and
lim
t→∞
1
H(t, t1)
∫ t
t1
H(t, s)α(s)b2+(s)ds = ∞, (1.11)
where Q ∈ C(D0, R) satisfies (1.7). Then the inequality (1.5) has no continuous solutions on [t1,∞).
Proof. Assume, for the sake of contradiction, that (1.5) has a continuous solution ω(t) on [t1,∞). Then similar to the
proof of Lemma 1.1 we have that (1.8) holds for t > T > t1. Hence from (1.9) we have that
b(T ) 6 lim sup
t→∞
1
H(t, T )
∫ t
T
[
H(t, s)γ (s)− Q
2(t, s)
4α(s)
]
ds 6 ω(T ) for T > t1.
Thus from (1.11) we see that
lim
t→∞
1
H(t, t1)
∫ t
t1
H(t, s)α(s)ω2(s)ds = ∞. (1.12)
On the other hand from (1.8) we have
1
H(t, T )
∫ t
T
[
H(t, s)α(s)ω2(s)+ Q(t, s)√H(t, s)ω(s)] ds
6 ω(T )− 1
H(t, T )
∫ t
T
H(t, s)γ (s)ds
6 ω(T )− 1
H(t, T )
∫ t
T
[
H(t, s)γ (s)− Q
2(t, s)
4α(s)
]
ds for t > T > t1. (1.13)
Hence
lim inf
t→∞
1
H(t, t1)
∫ t
t1
[
H(t, s)α(s)ω2(s)+ Q(t, s)√H(t, s)ω(s)] ds 6 ω(t1)− b(t1).
Therefore there exists a sequence {tn}∞n=2 with limn→∞ tn = ∞ such that
lim
n→∞
1
H(tn, t1)
∫ tn
t1
[
H(tn, s)α(s)ω
2(s)+ Q(tn, s)
√
H(tn, s)ω(s)
]
ds 6 ω(t1)− b(t1). (1.14)
From (1.12) and (1.14) we have
lim
n→∞
1
H(tn, t1)
∫ tn
t1
Q(tn, s)
√
H(tn, s)ω(s)ds = −∞ (1.15)
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and
lim
n→∞
− ∫ tnt1 Q(tn, s)√H(tn, s)ω(s)ds∫ tn
t1
H(tn, s)α(s)ω2(s)ds
> 1.
Hence for n sufficiently large
− ∫ tnt1 Q(tn, s)√H(tn, s)ω(s)ds∫ tn
t1
H(tn, s)α(s)ω2(s)ds
>
1
2
.
By applying Cauchy–Schwarz inequality we see that
1
2H(tn, t1)
∣∣∣∣∫ tn
t1
Q(tn, s)
√
H(tn, s)ω(s)ds
∣∣∣∣ 6
(
− ∫ tnt1 Q(tn, s)√H(tn, s)ω(s)ds)2
H(tn, t1)
∫ tn
t1
H(tn, s)α(s)ω2(s)ds
6
1
H(tn, t1)
∫ tn
t1
Q2(tn, s)
α(s)
ds,
which together with (1.15) contradicts (1.10). The proof of Lemma 1.2 is complete. 
Lemma 1.3. Assume that there exist H ∈ H, b ∈ L loc([t0,∞), R) and t1 > t0 such that (1.10) holds and
lim inf
t→∞
1
H(t, T )
∫ t
T
[
H(t, s)γ (s)− Q
2(t, s)
4α(s)
]
ds > b(T ) for T > t1, (1.16)
lim sup
t→∞
1
H(t, t1)
∫ t
t1
H(t, s)α(s)b2+(s)ds = ∞, (1.17)
where Q ∈ C(D0, R) satisfies (1.7). Then the inequality (1.5) has no continuous solutions on [t1,∞).
Proof. Assume, for the sake of contradiction, that (1.5) has a continuous solution ω(t) on [t1,∞). Then similar to the
proof of Lemma 1.1 we know that (1.8) holds. Hence
b(s) 6 lim inf
t→∞
1
H(t, s)
∫ t
s
[
H(t, s)γ (s)− Q
2(t, s)
4α(s)
]
ds 6 ω(s).
Thus from (1.17) we see that
lim sup
t→∞
1
H(t, t1)
∫ t
t1
H(t, s)α(s)ω2(s)ds = ∞.
Hence there exists a sequence {tn}∞n=2 with limn→∞ tn = ∞ such that
lim
n→∞
1
H(tn, s)
∫ tn
s
H(tn, s)α(s)ω
2(s)ds = ∞. (1.18)
On the other hand from (1.8) we know that (1.13) holds for t > T > t1. Hence from (1.16)
lim sup
n→∞
1
H(tn, t1)
∫ tn
t1
[
H(tn, s)α(s)ω
2(s)+ h(tn, s)
√
H(tn, s)ω(s)
]
ds 6 ω(t1)− b(t1). (1.19)
Similar to the proof of Lemma 2 we can obtain from (1.18) and (1.19) that
lim sup
n→∞
1
H(tn, t1)
∫ tn
t1
Q2(tn, s)
α(s)
ds = ∞,
which contradicts (1.10). The proof of Lemma 1.3 is complete. 
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Lemma 1.4. Assume that there exist H ∈ H, b ∈ L loc([t0,∞), R) and t1 > t0 such that (1.16) and (1.11) hold and
lim inf
t→∞
1
H(t, t1)
∫ t
t1
Q2(t, s)
α(s)
ds <∞, (1.20)
where Q ∈ C(D0, R) satisfies (1.7). Then the inequality (1.5) has no continuous solutions on [t1,∞).
Proof. Assume, for the sake of contradiction, that (1.5) has a continuous solution ω(t) on [t1,∞). Then similar to the
proof of Lemma 1.3 that (1.12) holds and
lim sup
t→∞
1
H(t, t1)
∫ t
t1
[
H(t, s)α(s)ω2(s)+ Q(t, s)√H(t, s)ω(s)] ds 6 ω(t1)− b(t1).
Hence
lim
t→∞
1
H(t, t1)
∫ t
t1
Q(t, s)
√
H(t, s)ω(s)ds = −∞ (1.21)
and
lim inf
t→∞
− ∫ tt1 Q(t, s)√H(t, s)ω(s)ds∫ t
t1
H(t, s)α(s)ω2(s)ds
= − lim sup
t→∞
∫ t
t1
Q(t, s)
√
H(t, s)ω(s)ds∫ t
t1
H(t, s)α(s)ω2(s)ds
> 1.
Then for t sufficiently large we know that
− ∫ tt1 Q(t, s)√H(t, s)ω(s)ds∫ t
t1
H(t, s)α(s)ω2(s)ds
>
1
2
.
By applying Cauchy–Schwarz inequality we see that
1
2H(t, t1)
∣∣∣∣∫ t
t1
Q(t, s)
√
H(t, s)ω(s)ds
∣∣∣∣ 6
(
− ∫ tt1 Q(t, s)√H(t, s)ω(s)ds)2
H(t, t1)
∫ t
t1
H(t, s)α(s)ω2(s)ds
6
1
H(t, t1)
∫ t
t1
Q2(t, s)
α(s)
ds,
which, together with (1.21), contradicts (1.20). The proof of Lemma 1.4 is complete. 
2. p(t) is nonnegative
In the first, we establish the oscillation criteria for (1.1) under the assumptions of (a)–(d) and (e1).
Theorem 2.1. Let (a)–(d) and (e1) hold. Assume that there exist ρ ∈ C1([t0,∞), (0,∞)), H ∈ H, g ∈
C1([t0,∞), R) and some t1 > t0 such that for T > t1
lim sup
t→∞
1
H(t, T )
∫ t
T
[
H(t, s)γ (s)− α1ρ(s)v(s)r(s)
4
Q2(t, s)
]
ds = ∞, (2.1)
where
v(t) = exp
(
− 2
α1
∫ t
t1
g(s)ds
)
, (2.2)
γ (t) = ρ(t)v(t)
[
1
α1
r(t)g2(t)+ K1q(t)− α2g(t)p(t)− (r(t)g(t))′
]
,
and Q ∈ C(D0, R) satisfies
−∂H(t, s)
∂s
=
(
ρ′(t)
ρ(t)
− α2 p(t)
r(t)
)
H(t, s)+ Q(t, s)√H(t, s). (2.3)
Then Eq. (1.1) is oscillatory.
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Proof. Assume, for the sake of contradiction, that (1.1) has a nonoscillatory solution x(t). We may assume that
x(t) 6= 0 for all t > t2 > t1. Define
ω(t) = ρ(t)v(t)r(t)
[
k1(x(t), x ′(t))
x(t)
+ g(t)
]
, t ∈ [t2,∞). (2.4)
Then we have
ω′(t) = ρ
′(t)
ρ(t)
ω(t)+ v
′(t)
v(t)
ω(t)
+ ρ(t)v(t)
[
− p(t)k2(x(t), x
′(t))x(t)x ′(t)
x2(t)
− q(t) f (x(t))
x(t)
− r(t)k1(x(t), x
′(t))x ′(t)
x2(t)
+ (r(t)g(t))′
]
6 − 1
α1ρ(t)v(t)r(t)
ω2(t)+
(
ρ′(t)
ρ(t)
− α2 p(t)
r(t)
)
ω(t)− γ (t).
Denote α(t) = 1
α1ρ(t)v(t)r(t)
, β(t) = ρ(t)
ρ(t) − α2 p(t)r(t) . Then ω(t) is a continuous solution of (1.5) on [t2,∞). But
by Lemma 1.1 we know that (1.5) has no continuous solutions on [t2,∞). This is a contradiction. The proof of
Theorem 2.1 is complete. 
Similarly, using Lemmas 1.2–1.4, we can obtain the following theorems.
Theorem 2.2. Let (a)–(d) and (e1) hold. Assume that there exist functions ρ ∈ C1([t0,∞), (0,∞)), H ∈ H,
g ∈ C1([t0,∞), R), b ∈ L loc([t0,∞), R) and some t1 > t0 such that for T ∈ [t1,∞)
lim sup
t→∞
1
H(t, T )
∫ t
T
[
H(t, s)γ (s)− α1ρ(s)v(s)r(s)
4
Q2(t, s)
]
ds > b(T ), (2.5)
lim sup
t→∞
1
H(t, T )
∫ t
T
ρ(s)v(s)r(s)Q2(t, s)ds <∞ (2.6)
and
lim
t→∞
1
H(t, T )
∫ t
T
H(t, s)b2+(s)
ρ(s)v(s)r(s)
ds = ∞, (2.7)
where v(t), γ (t) and Q(t, s) are as in Theorem 2.1. Then Eq. (1.1) is oscillatory.
Theorem 2.3. Let (a)–(d) and (e1) hold. Assume that there exist functions ρ ∈ C1([t0,∞), (0,∞)), H ∈ H,
g ∈ C1([t0,∞), R), b ∈ L loc[t0,∞) and some t1 > t0 such that for T ∈ [t1,∞) (2.6) holds and
lim inf
t→∞
1
H(t, T )
∫ t
T
[
H(t, s)γ (s)− α1ρ(s)v(s)r(s)
4
Q2(t, s)
]
ds > b(T ), (2.8)
lim sup
t→∞
1
H(t, T )
∫ t
T
H(t, s)b2+(s)
ρ(s)v(s)r(s)
ds = ∞, (2.9)
where v(t), γ (t) and Q(t, s) are as in Theorem 2.1. Then Eq. (1.1) is oscillatory.
Theorem 2.4. Let (a)–(d) and (e1) hold. Assume that there exist functions ρ ∈ C1([t0,∞), (0,∞)), H ∈ H,
g ∈ C1([t0,∞), R), b ∈ L loc([t0,∞), R) and some t1 > t0 such that for T ∈ [t1,∞) (2.8) and (2.7) hold and
lim inf
t→∞
1
H(t, T )
∫ t
T
ρ(s)v(s)r(s)Q2(t, s)ds <∞, (2.10)
where v(t), γ (t) and Q(t, s) are as in Theorem 2.1. Then Eq. (1.1) is oscillatory.
Example 1. Consider the equation(
(2+ sin t) x
′
1+ x2
)′
+ 3+ sin t
1+ x2 x
′ + (2+ sin t)x(1+ x4) = 0. (2.11)
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It is easy to see that conditions (a)–(d) and (e1) hold with K1 = α1 = α2 = 1. Set H(t, s) = (t − s)2, k(t) = 1,
g(t) = 0, ρ(t) = 1. We can verify that (2.1) is satisfied. Hence from Theorem 2.1 we know that Eq. (2.11) is
oscillatory. Since condition (e) is not satisfied, the results of [13] can not be used to Eq. (2.11).
In the following of this section, we will obtain theorems analogues to the results given in [13]. Let (a)–(e)
hold and let Eq. (1.1) has a nonoscillatory solution x(t). Assume that x(t) 6= 0 for all t > t1 > t0. For any
ρ ∈ C1([t0,∞), (0,∞)), g ∈ C1([t0,∞), R), define the functions v(t) and ω(t) as (2.2) and (2.4). Then we have for
all t > t1
ω′(t) = ρ
′(t)
ρ(t)
ω(t)+ v
′(t)
v(t)
ω(t)
+ ρ(t)v(t)
[
− p(t)k2(x(t), x
′(t))x(t)x ′(t)
x2(t)
− q(t) f (x(t))
x(t)
− r(t)k1(x(t), x
′(t))x ′(t)
x2(t)
+ (r(t)g(t))′
]
6 −α1α2 p(t)+ r(t)
α1ρ(t)v(t)r2(t)
ω2(t)+
(
ρ′(t)
ρ(t)
+ 2α2 p(t)g(t)
r(t)
)
ω(t)− γ1(t),
where
γ1(t) = ρ(t)v(t)
[
1
α1
r(t)g2(t)+ K1q(t)+ α2g2(t)p(t)− (r(t)g(t))′
]
. (2.12)
Using Lemmas 1.1–1.4 we have the following theorems.
Theorem 2.5. Let (a)–(e) hold. Assume that there exist ρ ∈ C1([t0,∞), (0,∞)), H ∈ H, g ∈ C1([t0,∞), R) and
some t1 > t0 such that for all T > t1
lim sup
t→∞
1
H(t, T )
∫ t
T
[
H(t, s)γ1(s)− α1ρ(s)v(s)r
2(s)
4(α1α2 p(s)+ r(s))Q
2
1(t, s)
]
ds = ∞, (2.13)
where v(t), γ1(t) defined as (2.2) and (2.12), Q1 ∈ C(D, R) satisfies
−∂H(t, s)
∂s
=
(
ρ′(s)
ρ(s)
+ 2α2 p(s)g(s)
r(s)
)
H(t, s)+ Q1(t, s)
√
H(t, s). (2.14)
Then Eq. (1.1) is oscillatory.
Theorem 2.6. Let (a)–(e) hold. Assume that there exist functions ρ ∈ C1([t0,∞), (0,∞)), H ∈ H, g ∈
C1([t0,∞), R), b ∈ L loc([t0,∞), R) and some t1 > t0 such that for T ∈ [t1,∞)
lim sup
t→∞
1
H(t, T )
∫ t
T
[
H(t, s)γ1(s)− α1ρ(s)v(s)r
2(s)
4(α1α2 p(s)+ r(s))Q1(t, s)
]
ds > b(T ), (2.15)
lim sup
t→∞
1
H(t, T )
∫ t
T
ρ(s)v(s)r2(s)
α1α2 p(s)+ r(s)Q1(t, s)ds <∞, (2.16)
and
lim
t→∞
1
H(t, T )
∫ t
T
H(t, s)
α1α2 p(s)+ r(s)
ρ(s)v(s)r2(s)
b2+(s)ds = ∞, (2.17)
where v(t), γ1(t) and Q1(t, s) are as in Theorem 2.5. Then Eq. (1.1) is oscillatory.
Theorem 2.7. Let (a)–(e) hold. Assume that there exist functions ρ ∈ C1([t0,∞), (0,∞)), H ∈ H, g ∈
C1([t0,∞), R), b ∈ L loc([t0,∞), R) and some t1 > t0 such that for T ∈ [t1,∞) (2.16) holds and
lim inf
t→∞
1
H(t, T )
∫ t
T
[
H(t, s)γ1(s)− α1ρ(s)v(s)r
2(s)
4(α1α2 p(s)+ r(s))Q1(t, s)
]
ds > b(T ), (2.18)
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lim sup
t→∞
1
H(t, T )
∫ t
T
H(t, s)
α1α2 p(s)+ r(s)
ρ(s)v(s)r2(s)
b2+(s)ds = ∞, (2.19)
where v(t), γ1(t) and Q1(t, s) are as in Theorem 2.5. Then Eq. (1.1) is oscillatory.
Theorem 2.8. Let (a)–(e) hold. Assume that there exist functions ρ ∈ C1([t0,∞), (0,∞)), H ∈ H, g ∈
C1([t0,∞), R), b ∈ L loc([t0,∞), R) and some t1 > t0 such that for T ∈ [t1,∞) (2.18) and (2.17) hold and
lim inf
t→∞
1
H(t, T )
∫ t
T
ρ(s)v(s)r2(s)
α1α2 p(s)+ r(s)Q1(t, s)ds <∞, (2.20)
where v(t), γ1(t) and Q1(t, s) are as in Theorem 2.5. Then Eq. (1.1) is oscillatory.
3. p(t) is of varying sign
In this section, we will establish oscillation criteria for (1.1) under the assumptions conditions (b1), (d) and (e2).
The theorems we obtained extend and improve the corresponding result in [13].
Let (b1), (d), (e2) hold and let x(t) be a nonoscillatory solution of (1.1). We may assume that x(t) 6= 0 for some
t1 > t0. For any ρ ∈ C1([t0,∞), (0,∞)), g ∈ C1([t0,∞), R), define
v(t) = exp
(
−2K2
α1
∫ t
t1
g(s)ds
)
, (3.1)
ω(t) = ρ(t)v(t)r(t)
[
k1(x, x ′)
f (x(t))
+ g(t)
]
. (3.2)
Then we can obtain that for all t > t1
ω′(t) = ρ
′(t)
ρ(t)
ω(t)+ v
′(t)
v(t)
ω(t)
+ ρ(t)v(t)
[−p(t)k2(x, x ′)x ′(t)
f (x)
− q(t)− r(t)k1(x, x
′) f ′(x)x ′(t)
f 2(x)
+ (r(t)g(t))′
]
6
(
ρ′(t)
ρ(t)
− 2K2
α1
g(t)
)
ω(t)+ ρ(t)v(t)(r(t)g(t))′
− ρ(t)v(t)q(t)− α2ρ(t)v(t)p(t)k1(x, x
′)
f (x)
− K2ρ(t)v(t)r(t)
α1
(
k1(x, x ′)
f (x)
)2
6 − K2
α1ρ(t)v(t)r(t)
ω2(t)+
(
ρ′(t)
ρ(t)
− α2 p(t)
r(t)
)
ω(t)− γ2(t),
where
γ2(t) = ρ(t)v(t)
[
K2
α1
r(t)g2(t)+ q(t)− α2g(t)p(t)− (r(t)g(t))′
]
. (3.3)
Again using Lemmas 1.1–1.4 we can obtain the following theorems.
Theorem 3.1. Let (b1), (d), (e2) hold. Suppose that there exist functions ρ ∈ C1([t0,∞), (0,∞)), H ∈ H,
g ∈ C1([t0,∞), R) and some t1 > t0 such that for all T > t1,
lim sup
t→∞
1
H(t, T )
∫ t
T
[
H(t, s)γ2(s)− α1ρ(s)v(s)r(s)4K2 Q
2(t, s)
]
ds = ∞, (3.4)
where v(t), Q(t, s) and γ2(t) are defined as (3.1), (2.3) and (3.3). Then Eq. (1.1) is oscillatory.
Theorem 3.2. Let (b1), (d), (e2) hold. Suppose that there exist functions ρ ∈ C1([t0,∞), (0,∞)), H ∈ H,
g ∈ C1([t0,∞), R), b ∈ L loc([t0,∞), R), and some t1 > t0 such that for all T > t1
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lim sup
t→∞
1
H(t, T )
∫ t
T
[
H(t, s)γ2(s)− α1ρ(s)v(s)r(s)4K2 Q
2(t, s)
]
ds > b(T ), (3.5)
lim sup
t→∞
1
H(t, T )
∫ t
T
ρ(s)v(s)r(s)Q2(t, s)ds <∞, (3.6)
lim
t→∞
1
H(t, T )
∫ t
T
H(t, s)b2+(s)
ρ(s)v(s)r(s)
ds = ∞, (3.7)
where v(t), γ2(t) and Q(t, s) are as in Theorem 3.1. Then Eq. (1.1) is oscillatory.
Theorem 3.3. Let (b1), (d), (e2) hold. Suppose that there exist functions ρ ∈ C1([t0,∞), (0,∞)), H ∈ H,
g ∈ C1([t0,∞), R), b ∈ L loc([t0,∞), R), and some t1 > t0 such that for all T > t1 (3.6) holds and
lim inf
t→∞
1
H(t, T )
∫ t
T
[
H(t, s)γ2(s)− α1ρ(s)v(s)r(s)4K2 Q
2(t, s)
]
ds > b(T ), (3.8)
lim sup
t→∞
1
H(t, T )
∫ t
T
H(t, s)b2+(s)
ρ(s)v(s)r(s)
ds = ∞, (3.9)
where v(t), γ2(t) and Q(t, s) are as in Theorem 3.1. Then Eq. (1.1) is oscillatory.
Theorem 3.4. Let (b1), (d), (e2) hold. Suppose that there exist functions ρ ∈ C1([t0,∞), (0,∞)), H ∈ H,
g ∈ C1([t0,∞), R), b ∈ L loc([t0,∞), R), and some t1 > t0 such that for all T > t1 (3.8) and (3.7) hold and
lim inf
t→∞
1
H(t, T )
∫ t
T
ρ(s)v(s)r(s)Q2(t, s)ds <∞, (3.10)
where v(t), γ2(t) and Q(t, s) are as in Theorem 3.1. Then Eq. (1.1) is oscillatory.
4. Conclusion
In Theorems 2.5–2.8 and 3.1–3.4 the conditions ∂H
∂s 6 0 and infs>t0(lim inft→∞
H(t,s)
H(t,t0)
) > 0 are not needed. In
fact, for H ∈ H we can impose the following conditions.
(H1) There exist functions λ ∈ C1([t0,∞), (0,∞)) such that ∂∂s (H(t, s)λ(s)) 6 0 on D0.
(H2) inft2>t1>t0(lim inft→∞
H(t,t2)
H(t,t1)
) > 0.
Lemma 4.1. Assume that H ∈ H satisfies (H1). Let h ∈ L loc([t0,∞), [0,∞)), γ ∈ L loc([t0,∞), R) and for some
t1 > t0
lim sup
t→∞
1
H(t, t1)
∫ t
t1
[H(t, s)γ (s)− h(s)] ds = ∞. (4.1)
Then for all T > t1
lim sup
t→∞
1
H(t, T )
∫ t
T
[H(t, s)γ (s)− h(s)] ds = ∞. (4.2)
Proof. Assume, for the sake of contradiction, that there exists T > t1, such that
lim sup
t→∞
1
H(t, T )
∫ t
T
[H(t, s)γ (s)− h(s)] ds <∞.
Then there exists M > 0 such that for all t > T + 1
1
H(t, T )
∫ t
T
[H(t, s)γ (s)− h(s)] ds 6 M.
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Hence
1
H(t, t1)
∫ t
T
[H(t, s)γ (s)− h(s)]ds 6 M H(t, T )
H(t, t1)
6
Mλ(t1)
λ(T )
.
Therefore we have
1
H(t, t1)
∫ t
t1
[H(t, s)γ (s)− h(s)]ds
= 1
H(t, t1)
∫ T
t1
[H(t, s)γ (s)− h(s)]ds + 1
H(t, t1)
∫ t
T
[H(t, s)γ (s)− h(s)]ds
6
1
H(t, t1)
∫ T
t1
H(t, s)|γ (s)|ds + Mλ(t1)
λ(T )
6 λ(t1)
∫ T
t1
|γ (s)|
λ(s)
ds + Mλ(t1)
λ(T )
,
which contradicts (4.1). The proof of Lemma 4.1 is complete. 
Lemma 4.2. Assume that H ∈ H satisfies (H1). Let h ∈ L loc([t0,∞), [0,∞)) and for some t1 > t0
lim sup
t→∞
1
H(t, t1)
∫ t
t1
H(t, s)h(s)ds = ∞. (4.3)
Then for all T > t1
lim sup
t→∞
1
H(t, T )
∫ t
T
H(t, s)h(s)ds = ∞. (4.4)
Proof. From (H1) we see that H(t, s)λ(s) is nonincreasing about s. Hence for any t > T > t1, we have
1
H(t, T )
∫ t
T
H(t, s)h(s)ds >
λ(T )
λ(t1)H(t, t1)
∫ t
T
H(t, s)h(s)ds
= λ(T )
λ(t1)H(t, t1)
∫ t
t1
H(t, s)h(s)ds − λ(T )
λ(t1)
∫ T
t1
H(t, s)
H(t, t1)
h(s)ds
>
λ(T )
λ(t1)H(t, t1)
∫ t
t1
H(t, s)h(s)ds − λ(T )
∫ T
t1
h(s)
λ(s)
ds.
We can complete the proof by taking the limit superior on the both sides of the above inequality. 
Lemma 4.3. Assume that H ∈ H satisfies (H2). Let h ∈ L loc([t0,∞), [0,∞)) and for some t1 > t0
lim sup
t→∞
1
H(t, t1)
∫ t
t1
h(s)ds <∞. (4.5)
Then for all T > t1
lim sup
t→∞
1
H(t, T )
∫ t
T
h(s)ds <∞. (4.6)
Proof. For any T > t1, from (H2) we see that there exist M > 0 and t2 > T such that for t > t2
H(t, T )
H(t, t1)
> M.
Hence
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1
H(t, T )
∫ t
T
h(s)ds 6
1
H(t, T )
∫ t
t1
h(s)ds 6
1
MH(t, t1)
∫ t
t1
h(s)ds.
Taking the limit superior on the both sides of above inequality we complete the proof the Lemma 4.3. 
Lemma 4.4. Assume that H ∈ H satisfying (H1) with lim inft→∞ λ(t) > 0 and
inf
s>t0
(
lim inf
t→∞
H(t, s)
H(t, t0)
)
> 0.
Then (H2) hold.
Proof. Let λ0 > 0 such that λ(t) > λ0 for all t ∈ [t0,∞). From (H1) we see that
H(t, t2)λ(t2) 6 H(t, t1)λ(t1) for t2 > t1 > t0.
Hence
H(t, t2)
H(t, t1)
>
H(t, t2)λ(t1)
H(t, t0)λ(t0)
>
λ0
λ(t0)
H(t, t2)
H(t, t0)
.
Therefore
inf
t2>t1>t0
(
lim inf
t→∞
H(t, t2)
H(t, t1)
)
>
λ0
λ(t0)
inf
s>t0
(
lim inf
t→∞
H(t, s)
H(t, t0)
)
> 0.
The proof is complete. 
Remark 4.1. It is easy to see that the conclusions of Lemmas 4.1–4.3 are remains valid when the limit superior are
replaced by limit inferior in (4.1)–(4.6).
From Theorem 2.5 and Lemma 4.1 we have the following result.
Corollary 4.1. Let (a)–(e) hold. Assume that there exist ρ ∈ C1([t0,∞), (0,∞)), g ∈ C1([t0,∞), R) and H ∈ H
satisfying (H1) for some λ ∈ C1([t0,∞), (0,∞)) such that
lim sup
t→∞
1
H(t, t0)
∫ t
t0
[
H(t, s)γ1(s)− α1ρ(s)v(s)r
2(s)
4(α1α2 p(s)+ r(s))Q
2
1(t, s)
]
ds = ∞, (4.7)
where v(t), γ1(t) are defined as (2.2) and (2.12), Q1 ∈ C(D, R) satisfies (2.14). Then Eq. (1.1) is oscillatory.
Remark 4.2. When g(t) = 0 and λ(t) = 1 for all t > t0, Corollary 4.1 deduces Theorem 2.1 in [13].
From Theorem 2.6 and Lemmas 4.2 and 4.3, we have the following result.
Corollary 4.2. Let (a)–(e) hold. Assume that there exist functions ρ ∈ C1([t0,∞), (0,∞)), H ∈ H
satisfying (H1) and (H2), g ∈ C1([t0,∞), R) and b ∈ L loc([t0,∞), R) such that for (2.15) holds for T ∈ [t0,∞)
and
lim sup
t→∞
1
H(t, t0)
∫ t
t0
ρ(s)v(s)r2(s)
α1α2 p(s)+ r(s)Q1(t, s)ds <∞, (4.8)
lim
t→∞
1
H(t, t0)
∫ t
t0
H(t, s)
α1α2 p(s)+ r(s)
ρ(s)v(s)r2(s)
b2+(s)ds = ∞, (4.9)
where v(t), γ1(t) and Q1(t, s) are as in Theorem 2.5. Then Eq. (1.1) is oscillatory.
Remark 4.3. Assume that H ∈ H satisfying (H2). Then there exist T > t0 and M > 0 such that
H(t, s)
H(t, t0)
> M for all t > T .
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Suppose that∫ ∞
t0
α1α2 p(t)+ r(t)
ρ(t)r2(t)
b2+(t)dt = ∞. (4.10)
Then we have
1
H(t, t0)
∫ t
t0
H(t, s)
α1α2 p(s)+ r(s)
ρ(s)r2(s)
b2+(s)ds >
∫ t
T
H(t, s)
H(t, t0)
α1α2 p(s)+ r(s)
ρ(s)r2(s)
b2+(s)ds
> M
∫ t
T
α1α2 p(s)+ r(s)
ρ(s)r2(s)
b2+(s)ds →∞ (as t →∞).
This shows that (H2) and (4.10) can deduce (4.9) with v(t) = 1. Hence when g(t) = 0 and λ(t) = 1 for all t > t0,
Corollary 4.2 deduces Theorem 2.3 in [13].
Similarly we can show that our Theorems 2.8, 3.1, 3.2 and 3.4 improve the corresponding Theorems 2.2, 3.2, 3.4
and 3.3 in [13] respectively.
Meanwhile our theorems contain some results in the literature as special cases.
Corollary 4.3 (cf. Wong [15, Theorem 1]). Assume that p, q ∈ C([t0,∞), R), f ∈ C1(R, R) satisfying (b1). If there
exist functions ρ ∈ C1([t0,∞), (0,∞)), H ∈ H satisfying (H1) such that
lim sup
t→∞
1
H(t, t0)
∫ t
t0
H(t, s)ρ(s)
(
q(s)− 1
4K2
(
p(s)+ h(t, s)− ρ
′(s)
ρ(s)
)2)
ds = ∞,
where h ∈ C(D0, R) satisfying − ∂H(t,s)∂s = h(t, s)H(t, s), then Eq. (1.2) is oscillatory.
Proof. The conclusion follows directly from Theorem 3.1 and Lemma 4.1 with g(s) = 0 and α1 = α2 = 1.
Remark 4.4. In Corollary 4.3 the conditions (K2) and (K3) are not needed which are assumed in [15, Theorem 1],
where
(K2) for each s > t0, limt→∞ H(t, s) = ∞, and there exists positive constants k0 and K0 such that
0 < k0 6 lim
t→∞
H(t, s)
H(t, t0)
6 K0 <∞ for s > t0
(K3)
H(t,s)
∂s 6 0 and
∂h(t,s)
∂t 6 0.
So Corollary 4.3 improve the Theorem 1 in [15].
Corollary 4.4 (cf. Rogovchenko [10, Theorem 1]). Assume that (b1) holds and there exist functions H ∈ H
satisfying (H1), g ∈ C1([t0,∞), R) such that
lim sup
t→∞
1
H(t, t0)
∫ t
t0
[
H(t, s)a(s)− v(s)r(s)
4K2
(
h(t, s)+ p(s)
r(s)
√
H(t, s)
)2]
ds = ∞,
where h ∈ C(D0, R) satisfying − ∂H(t,s)∂s = h(t, s)
√
H(t, s), v(t) = exp(−2K2
∫ t
t0
g(s)ds) and a(t) =
v(t)
[
q(t)+ K2r(t)g2(t)− p(t)g(t)− (r(t)g(t))′
]
. Then Eq. (1.3) is oscillatory.
Proof. The conclusion follows directly from Theorem 3.1 and Lemma 4.1 with ρ(t) = 1 and α1 = α2 = 1. 
Corollary 4.5 (cf. Rogovchenko [10, Theorem 2]). Assume that (b1) holds and there exist functions H ∈ H
satisfying (H1) and (H2), g ∈ C1([t0,∞), R) and b ∈ L loc([t0,∞), R) such that
lim sup
t→∞
1
H(t, T )
∫ t
T
[
H(t, s)a(s)− v(s)r(s)
4K2
(
h(t, s)+ p(s)
r(s)
√
H(t, s)
)2]
ds > b(T ) for T > t0,
lim sup
t→∞
1
H(t, t0)
∫ t
t0
v(s)r(s)
(
h(t, s)+ p(s)
r(s)
√
H(t, s)
)2
ds <∞
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and
lim sup
t→∞
1
H(t, t0)
∫ t
t0
H(t, s)
b2+(s)
v(s)r(s)
ds = ∞,
where h(t, s), v(t) and a(t) are as in Corollary 4.4. Then Eq. (1.3) is oscillatory.
Proof. The conclusion follows directly from Theorem 3.2 and Lemmas 4.2 and 4.3 with ρ(t) = 1 and α1 = α2 = 1.

Corollary 4.6 (cf. Yang [16, Theorem 2.1]). Assume that (b1) holds and there exist functions H ∈ H, g ∈
C1([t0,∞), R) and b ∈ L loc([t0,∞), R) such that for T > t0
lim sup
t→∞
1
H(t, T )
∫ t
T
H(t, s)a(s)ds > b(T ), (4.11)
lim
t→∞
1
H(t, T )
∫ t
T
r(s)v(s)
[
h(t, s)+ p(s)
r(s)
√
H(t, s)
]2
ds = 0 (4.12)
and
lim
t→∞
1
H(t, T )
∫ t
T
H(t, s)b2+(s)
r(s)v(s)
ds = ∞ (4.13)
where h(t, s), v(t) and a(t) are as in Corollary 4.4. Then Eq. (1.3) is oscillatory.
Proof. By (4.11) and (4.12) we obtain
lim sup
t→∞
1
H(t, T )
∫ t
T
[
H(t, s)a(s)− v(s)r(s)
4K2
(
h(t, s)+ p(s)
r(s)
√
H(t, s)
)2]
ds > b(T ) (4.14)
and
lim sup
t→∞
1
H(t, T )
∫ t
T
r(s)v(s)
[
h(t, s)+ p(s)
r(s)
√
H(t, s)
]2
ds <∞. (4.15)
Let ρ(s) = 1, α1 = α2 = 1. The conclusion follows directly from Theorem 3.2. 
Remark 4.5. It is obvious that conditions (4.11) and (4.12) are more restricted than (4.14) and (4.15). And
Corollary 4.6 get rid of the condition ∂H
∂s 6 0 which was assumed in [16].
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